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S-POLYREGULAR BARGMANN SPACES
A. BENAHMADI, A. EL HAMYANI, AND A. GHANMI
Abstract. We introduce two classes of right quaternionic Hilbert spaces in the
context of slice polyregular functions, generalizing the so-called slice and full
hyperholomorphic Bargmann spaces. Their basic properties are discussed, the
explicit formulas of their reproducing kernels are given and associated Segal–
Bargmann transforms are also introduced and studied. The spectral description
as special subspaces of L2-eigenspaces of a second order differential operator in-
volving the slice derivative is investigated.
1 Introduction
The classical Bargmann functional space F2 is defined as the phase space on the
complex plane consisting of all e−|z|2dxdy-square integrable entire functions. It is
known to be unitarily isomorphic to the quantum mechanical configuration space
L2(R; dt) by means of the classical Segal–Bargmann transform (see for examples
[11, 21, 38]). As special generalizations, in the context of polyanalytic functions,
are the generalized Bargmann spaces F2n of level n = 0, 1, 2, · · · , (see for example
[2, 3, 29, 37]), so that F20 = F2. The corresponding theory has found remarkable
applications in time-frequency analysis, analysis of the higher Landau levels and in
the multiplexing of signals (see [3] and the references therein).
A quaternionic analogue F2slice of F2 was introduced in [4] involving special slice
regular functions SR on the quaternion algebra H, i.e., H-valued real differentiable
functions f on H ≡ R4 such that
∂If(x+ Iy) :=
1
2
(
∂
∂x
+ I ∂
∂y
)
f |CI (x+ yI) (1)
vanishes identically on H for every I ∈ S = {q ∈ H; q2 = −1}. Above and hereafter,
f |CI denotes the restriction of f to the slice CI := R+ RI in H. More precisely,
F2slice =
f(q) =
+∞∑
j=0
qjcj; cj ∈ H,
+∞∑
j=0
j!|cj|2 < +∞
 . (2)
It is shown in [4] that F2slice is independent of I and is a reproducing kernel quater-
nionic Hilbert space. The related quaternionic Segal–Bargmann transform is studied
in [17]. It connects F2slice to the L2-Hilbert space of quaternionic-valued functions
on the real line.
Motivated by the works [2, 3, 10, 29, 37] studying and characterizing the polyanalitic-
ity in the complex setting as well as by Brackx’ works [13, 14] studying the k-
monogenic functions with respect to the Fueter operator, our aim in [19] was the
study of possible generalizations of F2slice and its associated Segal–Bargmann trans-
form to the context of slice n-polyregular (SRn) functions with respect to the slice
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derivative. The concrete description of these spaces invoke the quaternionic Hermite
polynomials
HQm,n(q, q) = m!n!
min(m,n)∑
j=0
(−1)j
j!
qm−jqn−j
(m− j)!(n− j)! (3)
for which we have provide an accurate systematic study in [18]. Such polynomials
are the quaternionic analogues of the polyanalytic Hermite polynomials Hm,n(z, z)
([28, 31]) that play a crucial role in studying some basic properties of polyanalytic
functions [3].
The present paper is in fact an improved version of [19]. We consider two kinds
of such generalizations. These spaces will be called here S-polyregular Bargmann
space of level n of first and second kind and we will denote them by SR21,n and
SR22,n, respectively. It should be noted that SR21,0 = SR22,0 and reduce further to
F2slice in (2) (see Section 3). Both SR21,n and SR22,n are natural extension of F2slice
to the setting of S-polyregular functions (see Definition 2.1) and appear as special
subspaces of the Hilbert space
SR2n := SRn ∩ L2(CI ; e−|ξ|
2
dλI),
the space of all S-polyregular functions f : H −→ H subject to the norm boundedness
‖f‖CI < +∞, where ‖·‖CI is the norm induced by the inner product
〈f, g〉CI =
∫
CI
f |CI (q)g|CI (q)e−|q|
2
dλI(q). (4)
Our main aim is to give a concrete description of these spaces. We prove that
SR21,n and SR22,n are reproducing kernel quaternionic Hilbert spaces whose repro-
ducing kernels are given explicitly in terms of Laguerre polynomials (see Theorem
3.6). The proof is based essentially on a weak version of the Identity Principle for
S-polyregular functions that we establish in Subsection 2.2 (Proposition 2.12) and
on a natural extension of the left star product for S-polyregular functions. More-
over, a hilbertian decomposition of L2(CI ; e−|ξ|
2
dλI) in terms of SR22,n is also given
(Theorem 3.10).
Associated Segal–Bargmann transforms B`,n, ` = 1, 2, are then introduced and
studied in some details (see Theorems 4.1 and 4.4). They are defined on L2H(R; dt),
the L2-Hilbert space of left quaternionic-valued functions on the real line. Their
kernel functions involve the Hermite polynomials extended to the quaternions. It
should be noted here that for n = 0, the transform B`,0 is equal to the one considered
in [17].
Another task of the present paper is to show that the constructed spaces are
closely connected to the concrete L2-spectral analysis of the semi-elliptic (slice)
second-order differential operator
2q = −∂s∂s + q∂s, (5)
where
∂sf(q) =
 ∂Iqf(x+ Iqy), if q = x+ Iqy ∈ H \ R;df
dx
(x), if q = x ∈ R, (6)
which can seen as the conjugate of the left slice derivative ∂s that we can define in
a similar way in terms of ∂Iq . In fact, such spaces are realized as special subspaces
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of the L2-eigenspaces
F2n =
{
f ∈ L2(H; e−|q|2dλ); 2qf = nf
}
, (7)
where n = 0, 1, 2, · · · , and dλ denotes the Lebesgue measure on H ' R4. The
L2-spectral description of 2qf = nf was possible by dealing first with the C∞ right-
eigenvalue problem 2qf = fµ on H˜ := H\R and then by extending appropriately the
obtained explicit solutions to the whole H (Theorem 5.1). Thereby, by manipulating
the asymptotic behavior of such eigenfunctions, we show that the spectrum of 2q
is purely discrete and consists of the eigenvalues µ = n which occur with infinite
degeneracy (see Theorem 5.7). The spaces SR2`,n, ` = 1, 2, are then the specific
subspaces of F2n described by Theorem 5.7. This becomes clear in the discussion
provided in the last section.
Added to this introductory section, the rest of the paper is structured as follows.
We devote Section 2 to some elementary and needed properties satisfied by the S-
polyregular functions. We describe in Section 3 the S-polyregular Bargmann spaces
SR21,n and SR22,n and we give the explicit formulas for their reproducing kernels.
The associated Segal–Bargmann transforms are introduced and studied in Section 4.
While, we have reserved Section 5 to the spectral realization of these S-polyregular
Bargmann spaces. Some concluding remarks on the full S-polyregular Bargmann
spaces constitute the content of Section 6.
2 S-polyregular functions
2.1 The real skew algebra of quaternions. The elements of the division al-
gebra of quaternions H are 4-component extended complex numbers of the form
q = x0 + x1i + x2j + x3k ∈ H, where x0, x1, x2, x3 ∈ R and the imaginary compo-
nents i, j, k satisfy the Hamiltonian computation rules i2 = j2 = k2 = ijk = −1;
ki = −ik = j. According to this algebraic representation, the quaternionic conju-
gate is defined to be x0 − x1i − x2j − x3k = <(q) − =(q), where <(q) = x0 and
=(q) = x1i + x2j + x3k . Here and elsewhere in the paper q denotes the algebraic
conjugate of the quaternion q ∈ H. Then, we have pq = q p for p, q ∈ H, and
the modulus of q is defined to be |q| = √qq. The polar representation is given by
q = reIθ, where r = |q| ≥ 0, θ ∈ [0, 2pi[, and I belongs to the set of imaginary
units S, which can be identified with the unit sphere S2 = {q ∈ =H; |=(q)| = 1} in
=H = Ri +Rj +Rk. The representation q = reIθ is not unique unless q is not real.
Another interesting representation of q ∈ H is given by q = x + Iy for some real
numbers x and y and imaginary unit I ∈ S. It is unique for any q ∈ H˜ = H \ R
with y > 0. Thus, H can be seen as the infinite union of the slices CI := R + RI.
The last representation was crucial in developing the theory of quaternionic slice
hyperholomorphic functions that has been introduced by Gentili and Struppa in
their seminal work [26]. Since then, they have been object of intensive research and
the corresponding hypercomplex analysis has been developed. It has found many
interesting applications in operator theory, quantum physics, Schur analysis and
different branches of differential geometry. See for instance [6, 7, 25, 27] and the
references therein.
2.2 S-polyregular functions and first properties. The solution of the
Cauchy–Riemann equation ∂If |CI = 0 on H, involving the derivative in (1), leads
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to the left power series
ϕ(x+ Iy) =
+∞∑
j=0
(x+ Iy)jαj(I), (8)
with infinite convergent radius, where αj are seen as functions αj : I 7−→ αj(I)
on S with values in H. If in addition αj(I) are constants on S, we recover the
standard space of slice regular functions [25, 26]. A natural generalization is that of
S-polyregular functions.
Definition 2.1 ([18, 5]). A quaternionic-valued function f on a domain Ω ⊂ H such
that Ω ∩ R 6= ∅ is said to be (left) slice polyregular (S-polyregular) of level n (order
n+1), if it is a real differentiable in Ω and its restriction fΩI is polyanalytic in ΩI :=
Ω ∩ CI for every I ∈ S, in the sense that the function ∂In+1f : ΩI −→ H vanishes
identically on ΩI . We denote by SRn(Ω) the corresponding right quaternionic vector
space.
Topologically, the space SRn(Ω) is endowed with the natural topology of uniform
convergence on compact sets in Ω, so that it turns out to be a right vector space over
the non-commutative field H. We provide below some of their basic properties that
we need to develop the rest of the paper for the case Ω = H. Thus, one can easily
prove the following elementary characterization for the elements in SRn := SRn(H)
in terms of the elements of SR.
Proposition 2.2 ([5]). For every f ∈ SRn, there exist some ϕk ∈ SR, k =
0, 1, · · · , n, such that
f(q, q) =
n∑
k=0
qkϕk(q).
Whose proof is immediate and lies essentially on the characterization of polyan-
alytic functions in complex setting [3, 10]. The following result is a second charac-
terization of S-polyregular functions.
Theorem 2.3. A function f belongs to SRn if and only if there exists ϕ0 ∈ SR
such that
f(q, q) = ϕ0(q) +
n∑
j=1
n−j∑
k=0
(−1)k q
j+k
j!k! ∂s
j+k
f(q).
Proof. By Proposition 2.2, any f ∈ SRn is of the form f(q, q) =
n∑
k=0
qkϕk(q) for
some ϕk ∈ SR, k = 0, 1, · · · , n. Therefore, ∂skf = 0 whenever k > n, and
∂s
k
f =
n∑
j=0
∂s
k(qj)ϕj =
n∑
j=k
j!
(j − k)!q
j−kϕj
when k ≤ n. By considering the particular cases k = n, k = n − 1, k = n − 2 and
k = n− 3, one proposes the following
(n− k)!ϕn−k =
k∑
s=0
(−1)s q
s
s!∂s
n−k+s
f
for k < n, which can be proved by induction. Equivalently, we write
ϕj =
1
j!
n−j∑
s=0
(−1)s q
s
s!∂s
j+s
f(q); j ≥ 1. (9)
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Therefore, the expression of f becomes
f(q, q) = ϕ0(q) +
n∑
j=1
n−j∑
k=0
(−1)k q
j+k
j!k! ∂s
j+k
f(q).

Remark 2.4. The component functions in Proposition 2.2, of a given S-polyregular
function f , are given in terms of f and its successive derivatives (see Equation (9)).
Thanks to these characterizations (Proposition 2.2 and Theorem 2.3) many in-
teresting analytic properties of S-polyregular functions can be derived from their
analogues of the slice regular functions. However, one must be careful since (as is
the case for complex polyanalytic functions) several known properties for SR prove
false when applied to SRn. For example, S-polyregular functions may even vanish
on an accumulation set. This is the case of 1− qq which is a nonzero S-polyregular
on H but vanishes on the closed set {q ∈ H, |q| = 1}.
Similarly to the complex setting, the first order differential operator ∂s − q, will
play a crucial rule in this theory. By considering the differential transformation
[Hn(F )](q) := (∂s − q)n(F )(q),
one proves the following.
Theorem 2.5. Let F be a given S-regular function. Then, the functions Hn(F ),
n = 0, 1, 2, · · · , are S-polyregular and form an orthogonal system in L2(CI ; e−|q|2dλI).
Proof. Notice first that
Hn(F ) =
n∑
j=0
(−1)j
(
n
j
)
qj∂n−js F. (10)
Therefore, we have
∂
n
sHnF = (−1)nn!F.
Hence, HnF is clearly S-polyregular of order n, for F being slice regular. This
is also clear from (10) according to Proposition 2.2. Consequently, using the fact
that ∂s − q is the formal adjoint operator of ∂s when acting on the Hilbert space
L2(CI ; e−|q|
2
dλI), one can prove that (∂s − q)F is orthogonal to F when F is slice
regular in L2(CI ; e−|q|
2
dλI). More generally, if n > m, we have ∂
n−m
s (F ) = 0 and
therefore
〈Hn(F ),Hm(F )〉 =
〈
F, ∂
n
sHm(F )
〉
= (−1)mm!
〈
F, ∂
n−m
s (F )
〉
= 0.
Thus, Hn(F ), n = 0, 1, 2, · · · , form an orthogonal system in L2(CI ; e−|q|2dλI). 
Remark 2.6. By specifying F (q) = Fm(q) = qm, we recover the quaternionic Her-
mite polynomials HQm,n. Indeed,
[Hn(Fm)](q) = (−1)me|q|2∂ns (e−|q|
2
qm) = HQm,n(q, q).
Theorem 2.7. The following assertions hold true.
(i) The space SR2n := SRn ∩ L2(CI ; e−|q|2dλI) is spanned by the polynomials
HQj,n, j = 0, 1, 2, · · · . Moreover, we have
SR2n =
n∑
k=0
Hk(SR20).
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(ii) A function f belongs to SR2n∩Ker(2q−nId) if and only if there exists some
F ∈ SR20 such that f = Hn(F ).
Proof. Let f ∈ SR2n and recall that HQj,k(x + Iy, x − Iy) is an orthogonal basis of
L2(CI ; e−|q|
2
dλI) (see [18, Theorem 4.2]). Thus, we can expand f |CI as
f |CI (x+ Iy) =
∞∑
j=0
∞∑
k=0
HQj,k(x+ Iy, x− Iy)αjk(I)
for some quaternionic sequence αjk(I) ∈ H satisfying the growth condition
∞∑
j=0
∞∑
k=0
j!k!|αjk(I)|2 < +∞.
Now since f is a polynomial in q of degree n (for f being in SRn), we conclude that
αjk(I) = 0 for every k > n, so that
f |CI =
n∑
k=0
∞∑
j=0
HQj,k(q, q)αjk(I). (11)
Therefore,
f |CI =
n∑
k=0
∞∑
j=0
Hk(qj)αjk(I) =
n∑
k=0
Hk
 ∞∑
j=0
qjαjk(I)
 = n∑
k=0
Hk(Fk),
where Fk stands for Fk =
∞∑
j=0
qjαjk(I), which clearly belongs to SR20. This completes
the proof of (i). To prove (ii), we need only to establish the "only if". Thus, for
f ∈ SR2n ∩Ker(2q − n), we assert that 2qf = nf is equivalent to have
n∑
k=0
∞∑
j=0
kHQj,k(q, q)αjk(I) =
n∑
k=0
∞∑
j=0
nHQj,k(q, q)αjk(I)
thanks to (11) combined with 2qHQj,k(q, q) = kH
Q
j,k(q, q) (see [18]). By identification,
we get αjk(I) = 0 for every k 6= n. This completes the proof. 
The following result is a Splitting Lemma for the S-polyregular functions gener-
alizing the standard one for the slice regular functions (see [5]).
Proposition 2.8 (Splitting lemma for S-polyregular functions). If f is a S-polyregular
function, then for every I ∈ S, and every J ∈ S perpendicular to I, there are two
polyanalytic functions F , G : CI −→ CI such that for any q = x+ Iy, we have
f |CI (q) = F (q) +G(q)J.
Remark 2.9. The proof of Proposition (2.8) readily follows from Proposition 2.2
and the standard Splitting Lemma ([25]) for the slice regular functions applied to
each component function ϕk. It can also be handled using sliceness, as pointed out
to us by one of the referees. In fact, each slice function f on H (not necessarily
regular) can be split as f |CI (x + Iy) = F (x + Iy) + G(x + Iy)J , where J ⊥ I (see
e.g. [30]). Then, f is polyregular of order n if and only if F and G are polyanalytic
of order nF and nG, respectively, with n = max{nF , nG}.
An analogue of the Identity Principle for the S-polyregular functions can also be
obtained. To this end, we begin by recalling the standard one for the slice regular
functions on slice domains.
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Definition 2.10 ([25]). A domain U ⊂ H such that U ∩ R 6= ∅ is said to be slice,
if for every arbitrary I ∈ S the set UI := U ∩ LI is a domain of the complex plane
CI := R+ RI.
Lemma 2.11 ([25]). Let f : U −→ H be a slice regular function on a slice domain
U . Denote by Zf = {q ∈ U ; f(q) = 0} the zero set of f . If there exists I ∈ S such
that CI ∩ Zf has an accumulation point, then f ≡ 0 on U .
This principle is no longer valid for S-polyregular functions as shown by the coun-
terexample 1 − qq. However, we can provide a weak version of such uniqueness
theorem.
Proposition 2.12 (Identity Principle for S-polyregular functions). Let f be a S-
polyregular function in SRn such that f is identically zero on a subdomain Ω ⊂ CI
for some I ∈ S. Then f is identically zero on the whole H.
Proof. By Proposition 2.2, we can write f ∈ SRn as f(q) =
n∑
k=0
qkϕk(q) with ϕk ∈
SR. Now, by the assumption that f |Ω ≡ 0 with Ω is a subdomain of some slice CI ,
we obtain
n!ϕn|Ω(x+ Iy) = ∂In
(
n∑
k=0
(x− Iy)kϕk|Ω(x+ Iy)
)
≡ 0.
Repeating this procedure, we conclude that ϕk|Ω ≡ 0 for every k = n, n−1, · · · , 1, 0.
Therefore, ϕk ≡ 0 on the whole H by Lemma 2.11. This implies that f ≡ 0 on H. 
Remark 2.13. Although Proposition 2.12 is Theorem 3.8 in [5], the proof we provide
here is different.
Remark 2.14. Other powerful uniqueness theorems as well as additional proper-
ties for the S-polyregular functions can be obtained. They will be the subject of a
forthcoming investigation.
2.3 Star product for S-polyregular functions. The authors of [5] have intro-
duced a star product for S-polyregular functions (for completness) without further
results on it. In the sequel, we will review this notion and establish some related re-
sults. To this end, recall first that the left ?Ls -product for left slice regular functions
is defined by
(f ?Ls g)(q) =
∞∑
n=0
qn
(
n∑
k=0
akbn−k
)
(12)
for given convergent series f(q) =
∞∑
n=0
qnan and g(q) =
∞∑
n=0
qnbn on H. This is in
fact the product of two formal series with coefficients in a ring [22]. The performed
series in (12) is convergent on H and is a slice regular function [24]. This product
is introduced to overcome the fact that the pointwise product of left slice regular
functions is not necessarily a left slice regular function, but it is a S-polyregular
function under further assumptions (see [23] for details). For interesting results on
the left ?Ls -product, one can refer to [8, 25] and the references therein. To solve
analogue problem in the context of left S-polyregular functions, a natural extension
of the ?Ls -product can be defined by considering
(f ?Lsp g)(q, q) =
∑
j=0,1,··· ,m
k=0,1,··· ,n
qj+k(ϕj ?Ls ψk)(q) (13)
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for given f(q, q) =
m∑
j=0
qjϕj(q) ∈ SRm and g(q, q) =
n∑
k=0
qkψk(q) ∈ SRn. We define
in a similar way the right star product for right S-polyregular functions f(q, q) =
m∑
j=0
ϕj(q)qj and g(q, q) =
n∑
k=0
ψk(q)qk as follows
(f ?Rsp g)(q, q) =
∑
j=0,1,··· ,m
k=0,1,··· ,n
(ϕj ?Rs ψk)(q)qj+k. (14)
Thus, one can easily check the following
Lemma 2.15. For every f ∈ SRm and g ∈ SRn, we have
(i) f ?Lsp g = g ?Rsp f , where f(q) = f(q) denotes the algebraic conjugation.
(ii) f ?Lsp g = g ?Lsp f if the coefficients of any components slice regular functions
ϕj and ψk commute.
Proof. Assertion (i) follows by taking the algebraic conjugate in (13) and next using
the well-established fact ϕj ?Ls ψk = ψk ?Rs ϕj for slice regular functions ϕj and ψk.
The second assertion is immediate by comparing f ?Lsp g and g ?Lsp f . 
A characterization for two S-polyregular functions to commute with respect to
the ?Lsp-product can be obtained, generalizing the one given in [8] for CJ -preserving
slice regular functions.
Definition 2.16 ([15, 8]). Let J ∈ S. A slice regular function ϕ is said to be
CJ-preserving if both F and G, in its stem function ϕ = I(F + iG), are CJ-valued.
Definition 2.17. A S-polyregular function f(q, q) =
n∑
k=0
qkϕk(q) is said to be CJ-
preserving, for given J ∈ S, if their components slice regular functions ϕk are CJ-
preserving.
Lemma 2.18. If f and g are two S-polyregular CJ-preserving functions for given
J ∈ S, then f ?Lsp g = g ?Lsp f .
Proof. The proof follows by making use of the fact that for CJ -preserving functions
ϕ and ψ, the ?Ls -product satisfies ϕ ?Ls ψ = ψ ?Ls ϕ (see [8]). 
As basic example of computation with such ?Lsp-product, we explicit the one of
the following function
Sk(p, p; q, q) :=
(
|p− q|2L
?sp
)k?Lsp
,
with |p−q|2L
?sp
:= (p−q)?Lsp (p− q) = hq(p)?Lsphq(p), where we have set hq(p) = p−q.
Namely, we assert the following.
Lemma 2.19. For every k = 1, 2, · · · , and p, q ∈ H, we have
Sk(p, p; q, q) =
k∑
j=0
(−1)j
(
k
j
)
pk−jhk?
L
s
q (p)qj. (15)
Proof. The proof can be handled by induction. Indeed, direct computation shows
that for k = 1, 2, we have
S1(p, p; q, q) = p(p− q)− (p− q)q = phq(p)− hq(p)q
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and
S2(p, p; q, q) = (phq(p)− hq(p)q) ?Lsp (phq(p)− hq(p)q)
= p2h2?Lsq (p)− ph2?
L
s
q (p)q − ph2?
L
s
q (p)q + h2?
L
s
q (p)q2
= p2h2?Lsq (p)− 2ph2?
L
s
q (p)q + h2?
L
s
q (p)q2.
Now, assume that (2.20) holds true for fixed k. Then, we have
Sk+1(p, p; q, q) = Sk(p, p; q, q) ?Lsp S1(p, p; q, q)
=
k∑
j=0
(−1)j
(
k
j
)(
pk−jhk?
L
s
q (p)qj
)
?Lsp (phq(p)− hq(p)q)
=
k∑
j=0
(−1)j
(
k
j
)
pk+1−jh(k+1)?
L
s
q (p)qj
−
k∑
j=0
(−1)j
(
k
j
)
pk−jh(k+1)?
L
s
q (p)qj+1.
Making the change of indices in the second sum in the right-hand side and using
the well-known identity
(
k
j
)
+
(
k
j−1
)
=
(
k+1
j
)
, we get
Sk+1(p, p; q, q) = pk+1h(k+1)?
L
s
q (p) + (−1)k+1h(k+1)?
L
s
q (p)qk+1
+
k∑
j=1
(−1)j
((
k
j
)
+
(
k
j − 1
))
pk+1−jh(k+1)?
L
s
q (p)qj
=
k+1∑
j=0
(−1)j
(
k + 1
j
)
pk+1−jh(k+1)?
L
s
q (p)qj.
This competes the proof. 
Accordingly, it is clear that the following assertions hold true.
(i) The function p 7−→ Sk(p, p; q, q) is left S-polyregular for every fixed q.
(ii) The function q 7−→ Sk(p, p; q, q) is right S-polyregular for every fixed p.
(iii) We have Sk(p, p; q, q) = Sk(q, q; p, p) for every p, q ∈ H.
The next result concerns the function on H×H defined by
L(γ,S1)?n (p, q) := L(γ)?n (S1(p, p; q, q)) = L(γ)?n
(
|p− q|2L
?sp
)
, (16)
where L(γ)?n is essentially the generalized Laguerre polynomial L(γ)n ([33]) but with
respect to the ?Lsp-product. It will be used to obtain the explicit expression of the
reproducing kernels for the S-polyregular Bargmann spaces (see Section 3).
Lemma 2.20. The function L(γ,S1)?n in (16) satisfies the properties (i), (ii) and (iii)
above.
Proof. The proof readily follows since L(γ)?n is a finite linear expansion of the functions
Sk(p, p; q, q) with real coefficients. More precisely, we have
L(γ)?n (S1(p, p; q, q)) =
n∑
k=0
Γ(γ + n+ 1)
Γ(n− k + 1)Γ(γ + k + 1)
(−1)k
k! Sk(p, p; q, q),
where Γ denotes the classical gamma function. 
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In the next section, we introduce two classes of infinite dimensional right quater-
nionic reproducing kernels Hilbert spaces that will be considered as the quaternionic
analogue of complex polyanalytic Bargmann spaces.
3 S-polyregular Bargmann spaces
The well-known analytic Hilbert spaces on the complex plane have been general-
ized to various contexts such as the quaternion setting (see for example [4, 16, 30]).
Thus, the idea of generalizing the true-polyanalytic Bargmann spaces ([3, 29, 37])
to the slice polyregular case is rather natural. This is the aim of the present section.
To this end, let SR21,n denote the space of all convergent series
f(q, q) =
n∑
k=0
∞∑
j=0
qkqjαjk; αj,k ∈ H,
on H, belonging to the right H-vector space SR2n := SRn ∩ L2(CI0 , e−|ξ|2dλ), for
some I0 ∈ S.
The particular case of n = 0 gives rise to the slice Bargmann space F2slice consid-
ered in [4], for which the monomials em(q) := qm constitute an orthogonal basis. In
contrast to what one can think, the monomials ej,k(q, q) := qjqk does not form an
orthogonal system in SR2n as showed by
〈ej,0, ej+k,k〉CI = ‖ej+k‖
2
CI = pi(j + k)!.
Thus, motivated by Theorem 2.7, we will make use of the univariate quaternionic
Hermite polynomials HQj,k, instead of monomials ej,k, to describe SR2n.
Proposition 3.1. A function f belongs to SR21,n if and only it can be expanded as
follows
f(q, q) =
n∑
k=0
+∞∑
j=0
HQj,k(q, q)αj,k
for some quaternionic constants αj,k satisfying the growth condition
+∞∑
j=0
j!|αj,k|2 < +∞
for every k = 0, 1, · · · , n.
Proof. The direct implication follows making use of [18, Proposition 3.8], expressing
the monomials qkqj in terms of HQr,s,
qmqn = m!n!
min(m,n)∑
k=0
HQm−k,n−k(q, q)
k!(m− k)!(n− k)! . (17)
The orthogonality 〈
HQm,n, H
Q
j,k
〉
CI
= pim!n!δm,jδn,k (18)
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of HQr,s shows that the condition ‖f‖CI < +∞ becomes equivalent to
‖f‖2CI =
n∑
k,k′=0
+∞∑
j,j′=0
αj,k
〈
HQj,k, H
Q
j′,k′
〉
CI
αj′,k′
=
n∑
k=0
+∞∑
j=0
|αj,k|2
∥∥∥HQj,k∥∥∥2.
The argument for obtaining the inverse implication is Theorem 2.7. 
Definition 3.2. The right quaternionic vector space SR21,n, generalizing the slice
hyperholomorphic Bargmann space F2slice, is called S-polyregular Bargmann space of
first kind and level n.
Another interesting subspace to deal with is the following
SR22,k :=

+∞∑
j=0
HQj,k(q, q)cj; cj ∈ H,
+∞∑
j=0
j!|cj|2 < +∞
 .
Definition 3.3. The right quaternionic vector space SR22,k is called here S-polyregular
Bargmann space of second kind and (exact) level k.
Theorem 3.4. The spaces SR21,n and SR22,k are Hilbert spaces with orthogonal basis
{HQj,k; k = 0, 1, · · · , n; j = 0, 1, · · · } and {HQj,k; , j = 0, 1, · · · }, respectively. More-
over, we have
SR21,n =
n⊕
k=0
SR22,k. (19)
Proof. As for n = 0, it is not difficult to see that the considered spaces are closed
subspaces of the Hilbert space L2(CI ; e−|q|
2
dλI), and therefore they are right quater-
nionic Hilbert spaces. Now, for fixed nonnegative integer k, the polynomials HQj,k,
j = 0, 1, 2, · · · , form an orthogonal system with respect to the gaussian measure
and generate SR22,k. Their linear independence is equivalent to their completion.
In fact, for a given g =
+∞∑
j=0
HQj,kcj ∈ SR22,k, the condition that
〈
f,HQ`,k
〉
= 0, for
every ` = 0, 1, 2, · · · , implies that c` = 0 and therefore g is identically zero on H, for〈
f,HQ`,k
〉
CI
= cj
∥∥∥HQ`,k∥∥∥2CI . Thus, {HQj,k, j = 0, 1, · · · } is an orthogonal basis of SR22,k.
The assertion that {HQj,k, k = 0, 1, · · · , n, j = 0, 1, · · · } form an orthogonal basis of
SR21,n follows in a similar way. It is also an immediate consequence of (19). The
decomposition (19) readily follows since for given f ∈ SR21,n, we have
f =
n∑
k=0
+∞∑
j=0
HQj,kαj,k =
n∑
k=0
gk,
where
gk :=
+∞∑
j=0
HQj,kαj,k.
Then, it is clear that gk ∈ SR22,k. In addition, the family {gk, k = 0, 1, · · · , n} is
orthogonal, since for k 6= k′, we have
〈gk, gk′〉CI =
 +∞∑
j,j′=0
αj,kαj′,k′δj,j′
∥∥∥HQj,k∥∥∥2CI
 δk,k′ = 0.
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Accordingly, we have SR21,n =
n⊕
k=0
SR22,k. Moreover,
‖f‖2CI =
n∑
k=0
‖gk‖2CI = pi
n∑
k=0
+∞∑
j=0
j!k!|αj,k|2. (20)

In order to show that the considered Hilbert spaces SR21,n and SR22,k possess
reproducing kernels, we need the following.
Lemma 3.5. For every fixed q ∈ H, the evaluation map δqf = f(q, q) is a continuous
linear form on the Hilbert spaces SR21,n and SR22,k. Moreover, we have
|f(q, q)| ≤ 1√
pi
e
|q|2
2 ‖f‖CI . (21)
for every f ∈ SR21,n and therefore for every f ∈ SR22,k.
Proof. Let g ∈ SR22,k such that g =
+∞∑
j=0
HQj,kcj. Using the Cauchy-Schwartz inequal-
ity and the expression of the square norm of g, ‖g‖2CI = pik!
+∞∑
j=0
j!|cj|2, we get
|g(q, q)| ≤
+∞∑
j=0
|HQj,k(q, q)|2
pij!k!
 12 ‖g‖CI . (22)
The series in the right-hand side of (22) is absolutely convergent on B(0, r0) for every
fixed r0 and is independent of g. This follows readily making use of the following
upper bound (see [18, Corollary 4.3]):∣∣∣HQn+k,n(q, q)∣∣∣ ≤ (n+ k)!k! |q|k e |q|
2
2 . (23)
More explicitly, by means of [12, Eq. (3.8)], we have
+∞∑
j=0
|HQj,k(q, q)|2
pij!k! =
e|q|
2
pi
. (24)
This proves that
|g(q, q)| ≤ 1√
pi
e
|q|2
2 ‖g‖CI . (25)
Now, for f ∈ SR21,n, we have f =
n∑
k=0
gk with gk ∈ SR22,k, and therefore, we obtain
|f(q, q)|2 ≤
n∑
k=0
|gk(q, q)|2 ≤
n∑
k=0
1
pi
e|q|
2‖gk‖2 ≤ 1
pi
e|q|
2‖f‖2CI
by means of (20) and (25). This completes the proof. 
The previous Lemma combined with the quaternionic version of the Riesz’ repre-
sentation theorem [35, Theorem 1] ensures the existence of the reproducing kernels
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for SR21,n and SR22,k. The next result gives their explicit expressions in terms of the
Laguerre polynomial L(γ)?n and the special convergent series
e[a,b]∗ :=
+∞∑
n=0
akbk
k! .
Theorem 3.6. The reproducing kernels of SR21,n and SR22,k are given respectively
by
K1,n(p, q) = 1
pi
e[p,q]∗
L
?sp L
(1)
?n (|p− q|2L
?sp
) (26)
and
K2,k(p, q) = 1
pi
e[p,q]∗
L
?sp L?k(|p− q|2L
?sp
). (27)
Shortly, we have
f(p, p) = 〈K1,n(p, ·), f〉CI and g(p, p) = 〈K2,k(p, ·), g〉CI
for every f ∈ SR21,n and g ∈ SR22,k.
Proof. For SR22,k, the computation of K2,k(p, q) can be done by performing
K2,k(p, q) = 1
pik!
+∞∑
j=0
HQj,k(q, q)H
Q
k,j(p, p)
j! ,
since {HQj,k; j = 0, 1, · · · } is an orthogonal basis of SR22,k (see Theorem 3.4) and
HQk,j = H
Q
j,k. For real q = x or for p, q belonging to the same slice CI , the result
follows by means of
1
pij!
+∞∑
k=0
HQj,k(z, z)H
Q
k,j(w,w)
k! =
(−1)j
pij! e
zwHQj,j(z − w, z − w)
= 1
pi
ezwLj(|z − w|2) (28)
which is an immediate consequence of Theorem 2.3 in [12], stating that
+∞∑
j=0
tj
j!Hk,j(z, z)Hj,k
′(w,w) = (−t)k′Hkk′(z − tw, z − tw)etzw
is true for every |t| = 1 and z, w ∈ C, combined with the fact that HQk,k(ξ, ξ¯) =
(−1)kk!Lk(|ξ|2), where Lk = L(1)k is the classical Laguerre polynomial of degree k.
Now, for given fixed non-real q, let Iq be in S such that q ∈ CIq . The functions
ϕ : p 7−→ K2,k(p, q) (29)
and
ψ : p 7−→ 1
pi
e[p,q]∗
L
?sp L?k(|p− q|2L
?sp
) (30)
are clearly S-polyregular by the definition of the ?sp-product (see (13)) and Lemma
2.20. Moreover, they coincide on the slice CIq by means of (28). Thus, by invoking
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the Identity Principle for S-polyregular functions (Proposition 2.12), we conclude
that φ ≡ ψ on the whole H. This holds for arbitrary q ∈ H. Therefore, we have
K2,k(p, q) = 1
pi
e[p,q]∗
L
?sp L?k(|p− q|2L
?sp
)
for p, q ∈ H. This completes our check for (27).
To conclude for Theorem 3.6, it suffices to observe that since SR21,n =
n⊕
k=0
SR22,k,
we have
K1,n(p, q) =
n∑
k=0
K2,k(p, q).
Hence, in virtue of
n∑
k=0
L
(γ)
k (x) = L(γ+1)n (x) (see [33, Eq. 12, p. 203]), we get
K1,n(p, q) =
n∑
k=0
1
pi
e[p,q]∗
L
?sp L?k(|p− q|2L
?sp
)
= 1
pi
e[p,q]∗
L
?sp L
(1)
?n (|p− q|2L
?sp
).

Remark 3.7. The restriction of K2,k to Ci×Ci coincides with the reproducing kernel
of the true-polyanalytic Bargmann space [9, 12, 29]. Indeed, we have
K2,k|Ci×Ci(z, w) =
1
pi
ezwLk(|z − w|2),
so that for k = 0, we recover the one of the classical Bargmann space 1
pi
ezw.
Remark 3.8. The expression of K1,n(p, q) can be rewritten in the equivalent form
K1,n(p, q) = 1
pi
L(1)?n (|p− q|2L
?sp
) L?sp e[p,q]∗ , (31)
thanks to (ii) of Lemma 2.15. The same observation holds true for K2,k(p, q).
Remark 3.9. The operator f 7−→ Pkf given by Pkf(p, p) = 〈K2,k(p, ·), f〉CI , defined
on the whole H, defines a sort of extended orthogonal projection of L2(CI ; e−|q|
2
dλI)
onto SR22,k. More explicitly, it reads
Pkf(p, p) =
1
pi
∫
CI
e
[p,q]
∗
L
?sp L?k(|p− q|2L
?sp
)f(q, q)e−|q|2dλI(q) (32)
for arbitrary p ∈ H, which we can rewrite also as
Pkf(p, p) =
1
pi
∫
CI
L?k(|p− q|2R
?sp
) R?sp e[q,p]∗ f(q, q)e−|q|
2
dλI(q) (33)
by means of (ii) in Lemma 2.15.
We conclude this section with the following result giving an orthogonal hilbertian
decomposition of the Hilbert space L2(CI ; e−|q|
2
dλI).
Theorem 3.10. We have the following hilbertian decomposition
L2(CI ; e−|q|
2
dλI) =
+∞⊕
k=0
SR22,k.
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Proof. Notice first that such decomposition is equivalent to the orthogonal comple-
ment of
⊕
k≥0
SR22,k in L2(CI ; e−|q|2dλI) is {0}. To this end, we claim that
T (t|q) :=
∫
CI
1
(1− t)e
[q,ξ]
∗
L
?sp exp
(
− t1− t |q − ξ|
2
L
?sp
)
f(ξ)e−|ξ|2dλ(ξ) = 0 (34)
holds for every f ∈
⊕
k≥0
SR22,k
⊥, every t ∈]0, 1[ and every fixed q ∈ H. In fact, this
follows readily making use of the generating function for the Laguerre polynomials
([33, Eq. (14), p. 135])
∞∑
k=0
tkL
(α)
k (ξ) =
1
(1− t)α+1 exp
(
tξ
t− 1
)
.
Indeed,
T (t|q) =
∫
CI
e
[q,ξ]
∗
L
?sp
(+∞∑
k=0
tkL?k(|w − q|2L
?sp
)
)
f(ξ)e−|ξ|2dλ(ξ)
=
∞∑
k=0
tk
∫
CI
e
[q,ξ]
∗
L
?sp L?k(|ξ − q|2L
?sp
)e−|ξ|2f(ξ)dλ(ξ)
= 0.
The limit t −→ 1− in (34) yields an integral involving the Dirac δ-function at the
point q ∈ H. From that, the left-hand side of (34) reduces further to e[q,ξ]∗ f(ξ)e−|ξ|2 .
Therefore, f(q) = 0 for every q ∈ H. 
4 Segal–Bargmann transforms for S-polyregular Bargmann spaces
In this section, we introduce a family of suitable Bargmann’s type transforms
defined on the right quaternionic Hilbert space L2H(R; dt), consisting of all square
integrable H-valued functions with respect to the inner product
〈f, g〉R :=
∫
R
f(t)g(t)dt.
Their images will be the S-polyregular Bargmann spaces defined and studied in the
previous section. To this end, we define the kernel functions B`,n(x; q), ` = 1, 2, on
R×H to be the bilinear generating functions
B2,k(x; q) =
+∞∑
j=0
hj(t)HQj,k(q, q)
‖hj‖R
∥∥∥HQj,k∥∥∥CI , (35)
and
B1,n(x; q) =
n∑
k=0
B2,k(x; q), (36)
where hj(t) denotes the j-th real Hermite function [33] associated to the real Hermite
polynomial Hj(t),
hj(t) = (−1)je t
2
2
dj
dtj
(e−t2) = e− t
2
2 Hj(t). (37)
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We recall that they form an orthogonal basis of L2H(R; dt), with square norm given
by
‖hj‖2R = 2jj!
√
pi. (38)
Thus, we have
Theorem 4.1. For every t ∈ R and q ∈ H, we have
B2,k(t; q) :=
( 1
pi
) 3
4 1√
2kk!
exp
(
−t
2 + q2
2 +
√
2qt
)
Hk
(
q + q√
2
− t
)
. (39)
Moreover, the function B2,k;q : t 7−→ B2,k(t; q) belongs to L2H(R; dt) for every fixed
q ∈ H, and we have
‖B2,k;q‖R =
1√
pi
e
|q|2
2 . (40)
Proof. The explicit expression of the kernel function B2,k(t; q) can be obtained by
[18, Theorem 5.7]. For the second assertion, fix q = x + Iy in H and write the
modulus of the kernel function B2,k(t; q) as
|B2,k(t; q)|2 =
( 1
pi
) 3
2 1
2kk!
∣∣∣∣e− t22 −x22 + y22 +Ixy+√2tq∣∣∣∣2 ∣∣∣Hk(√2x− t)∣∣∣2
=
( 1
pi
) 3
2 1
2kk!e
−t2−x2+y2+2√2xt
∣∣∣Hk(√2x− t)∣∣∣2 .
Therefore, it follows that
‖B2,k;q‖2R =
( 1
pi
) 3
2 1
2kk!e
x2+y2
∫
R
e−(t−
√
2x)2|Hk(t−
√
2x)|2dt
=
( 1
pi
) 3
2 1
2kk!e
|q|2
∫
R
e−u
2|Hk(u)|2du
=
( 1
pi
) 3
2 1
2kk!e
|q|2
∫
R
|hk(u)|2du
=
( 1
pi
) 3
2 1
2kk!e
|q|2‖hk‖2R
= 1
pi
e|q|
2
.

Remark 4.2. By comparing (40) to (24), we conclude that ‖B2,k;q‖R =
√
Kk(q, q)
for every q ∈ H.
Associated to the kernel function B2,k given through (35) (or also (39)), we are
able to introduce a unitary integral transform (of Bargmann type) mapping isometri-
cally the configuration space L2H(R; dt) onto the constructed S-polyregular Bargmann
space SR22,k. In fact, we have to consider
[B2,kφ](q) := 〈B2,k(·; q), φ〉R.
More explicitly,
[B2,kφ](q) :=
( 1
pi
) 3
4 1√
2kk!
∫
R
e−
t2+q2
2 +
√
2qtHk
(
q + q√
2
− t
)
φ(t)dt
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for a given function φ : R → H, provided that the integral exists. The following
result shows that B2,k is well-defined on L2H(R; dt). Namely, we have
Lemma 4.3. For every quaternion q ∈ H and every φ ∈ L2H(R; dt), we have
|[B2,kφ](q, q)| ≤ 1√
pi
e
|q|2
2 ‖φ‖R.
Proof. The proof readily follows by applying the Cauchy-Schwartz inequality. In
fact, we obtain
|B2,kφ(q, q)| ≤
∫
R
|B2,k(t; q)||φ(t)|dt ≤ ‖B2,k;q‖R‖φ‖R. (41)
In view of (40), the inequality (41) reduces further to
|B2,kφ(q, q)| ≤ e
|q|2
2√
pi
‖φ‖R.

Theorem 4.4. The transform B2,k defines a Hilbert space isomorphism from L2H(R; dt)
onto SR22,k.
Proof. Notice first that the Segal–Bargmann transform B2,k maps the orthogonal
basis hj of L2H(R; dt) to the orthogonal basisH
Q
j,k(q, q) of the S-polyregular Bargmann
space SR22,k. More precisely, we have
[B2,k(hj)](q, q) =
( 1
pi
) 1
4
√
2j√
k!
HQj,k(q, q).
Then, one can conclude since B2,k is continuous (by Lemma 4.4). 
5 Spectral realization of the S-polyregular Bargmann spaces
5.1 Discussion. In this section, we show that the S-polyregular Bargmann space
SR22,n (and therefore SR21,n) is closely connected to the concrete L2-spectral analysis
of the slice differential operator 2q in (5). To this end, we begin by considering the
C∞-spectral properties of 2q which requires to solve two problems. The first one
is connected to the uniqueness problem of the polar representation q = reIθ of the
slice representation q = x+ Iy, of given q ∈ H. This can be resolved by restricting q
to H˜ = H \R and next extend, somehow, the obtained results to the whole H. The
second problem is related to the notion of the slice derivative given by (6) which
makes 2q not necessarily elliptic. To see this, notice that ∂s can be rewritten in the
following unified form
∂s =
1
2
(
(1 + χR(q))
∂
∂x
− (1− χR(q)) Iq ∂
∂y
)
, (42)
so that the operator 2q reads
2q = −14
{
(1 + χR(q))2
∂2
∂x2
+ (1− χR(q))2 ∂
2
∂y2
}
(43)
+ 12 (1 + χR(q))
(
x
∂
∂x
+ y ∂
∂y
)
+ Iq2 (1− χR(q))
(
x
∂
∂y
− y ∂
∂x
)
.
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It can be seen as a family of second order differential operators on R2 labeled by
S. Accordingly, for every fixed Iq ∈ S, the operator 2q is not elliptic nor uniform
elliptic. However, it is semi-elliptic since the eigenvalues of the corresponding matrix
−14
(
(1 + χR(q))2 0
0 (1− χR(q))2
)
are clearly non-positives (but not necessary negatives).
Accordingly, a spectral realization of the S-polyregular Bargmann spaces, intro-
duced in Section 3, can be provided. To this end, we begin by studying the right
eigenvalue problem of 2q in (43) when acting on the C∞- as well as on the L2-
quaternionic-valued functions on H˜, and next extend the obtained expressions to
the real line.
Notice that R is a negligible Borel measurable set with respect to the gaussian
measure on H, and therefore∫
H
f(q)e−|q|2dλ(q) =
∫
H˜
f(q)e−|q|2dλ(q)
=
∫
R+∗×]0,2pi[×S
f(reIθ)e−r2rdrdθdσ(Iq), (44)
where dr (resp. dθ) denotes the Lebesgue measure on positive real line (the unit
circle) and dσ(I) stands for the standard area element on S. This observation will be
used systematically when discussing square integrability of the appropriate extension
on the whole H.
5.2 C∞-right-eigenvalue problem. Let µ be a fixed quaternionic number and
consider the right eigenvalue problem 2qf = fµ for f belonging to the right quater-
nionic vector space C∞(H) of all quaternionic-valued functions that are C∞ on the
whole H ' R4. Thus, associated to µ, we define the C∞-eigenspace
E∞µ (H,2q) := {f ∈ C∞(H); 2qf = fµ} . (45)
Notice for instance that E∞µ (H,2q) is not necessarily a quaternionic right vector
space. But, it is a Cµ-right vector space, where Cµ := {p ∈ H, pµ = µp} is the set of
all quaternion numbers commuting with µ. We have Cµ = H when µ is real and Cµ
is Cµ otherwise.
The first main result of this section concerns the explicit characterization of the
elements of E∞µ (H,2q). Such description involves the Kummer’s function defined by
M
(
a
c
∣∣∣∣∣x
)
=
∞∑
j=0
(a)j
(c)j
xj
j! , (46)
for given a ∈ H and x, c ∈ R, c 6= 0,−1,−2, · · · , where (a)j denotes the rising
factorial (a)j = a(a+ 1) · · · (a+ j − 1) with (a)0 = 1. Namely, we have
Theorem 5.1. A C∞-quaternionic-valued function f on H is a solution of 2qf = fµ
on H˜ if and only if it can be expanded as
f(|q|eIqθ) = ∑
j∈Z
q(1+sgn(j))
|j|
2 q(1−sgn(j))
|j|
2 M
(
−µ− (1− sgn(j)) j2|j|+ 1
∣∣∣∣∣|q|2
)
γIµ,j (47)
for some quaternionic-valued functions Iq 7→ γIµ,j on S with values in Cµ. Here sgn
denotes the signum function.
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Proof. Let f : H −→ H be a C∞-quaternionic-valued function which is solution of
2qf = fµ on H˜. Then, f˜ = f |H˜ satisfies ∆qf˜ = f˜µ, where ∆q denotes the restriction
of the slice differential operator 2q in (5) to H˜. It takes the form
∆q = −14
(
∂2
∂x2
+ ∂
2
∂y2
)
+ 12
(
x
∂
∂x
+ y ∂
∂y
)
+ I2
(
x
∂
∂y
− y ∂
∂x
)
. (48)
Its expression in polar coordinates q = reIθ, with r > 0, 0 ≤ θ ≤ 2pi and I ∈ S,
reads
∆q = −14
(
∂2
∂r2
+
[1
r
− 2r
]
∂
∂r
+ ∂
2
r2∂θ2
− 2I ∂
∂θ
)
and its action, on any C∞ function (r, θ) −→ eIjθaIj (r) on [0, 2pi[×[0,+∞[, is given
by
∆q(eIjθaIj (r)) = −
eInθ
4r2
[
r2
∂2
∂r2
+ (1− 2r2)r ∂
∂r
+ (2jr2 − j2)
]
aIj (r). (49)
Since f˜ ∈ C∞(H˜) and its restriction f˜(reIθ) to CI is in addition periodic with respect
to θ, one can expand it in Fourier series as
f˜(reIθ) =
∑
j∈Z
eIjθaIj (r), (50)
where the functions (r, I) 7−→ aIj (r) are C∞ on [0,+∞[×S. Therefore, by inserting
(50) in the right-eigenvalue problem ∆qf˜ = f˜µ taking into account (49), we see that[
r2
∂2
∂r2
+ (1− 2r2)r ∂
∂r
+ (2jr2 − j2)
]
aIj (r) = −4r2aIj (r)µ (51)
holds for every integer j and fixed r and I. Now, by the changes of variable t = r2 > 0
and of function aIj (r) = tαbj(t, I), we get
tb
′′
j (·, I) + (2α + 1− t)b
′
j(·, I) +
1
t
(
α− j2
)(
α + j2 − t
)
bj(·, I) = −bj(·, I)µ. (52)
For the ansatz α = |j|/2, we recognize the left-quaternionic version of the confluent
hypergeometric differential equation
tb
′′
j (·, I) + (c− t)b
′
j(·, I) = bj(·, I)a (53)
satisfied by bj(·, I) on ]0,+∞[, with c = |j| + 1 and a = −µ − jχZ−(j) = −µ −
(1− sgn(j)) j2 ∈ H. Its first solution is given by the Kummer’s function M
(
a
c
∣∣∣∣∣t
)
,
for c = |j| + 1 being a positive integer. The second (linearly independent) solution
is given by the Tricomi’s logarithmic function [36, p. 21] (see also [1, p. 504])
U
(
a
|j|+ 1
∣∣∣∣∣t
)
:= (|j| − 1)!Γ(a) S
a
j (t) +
(−1)|j|+1
|j|!Γ(a− |j|)
{
M
(
a
|j|+ 1
∣∣∣∣∣t
)
ln t
+
+∞∑
k=0
(a)k
(|j|+ 1)k (ψ(a+ k)− ψ(1 + k)− ψ(|j|+ 1 + k))
tk
k!
}
,
where ψ(x) denotes the logarithmic derivative of the gamma function, ψ(x) =
Γ′(x)/Γ(x), and Saj (t) is the finite sum given by
Saj (t) :=
+∞∑
k=0
(a− |j|)k
(1− |j|)k
tk−|j|
k!
20 A. BENAHMADI, A. EL HAMYANI, AND A. GHANMI
and interpreted as 0 when j = 0. Thus, the only solution of (53) that can be
extended to a A C∞ function at t = 0 is given by
bj(t, I) = M
(
−µ− (1− sgn(j)) j2|j|+ 1
∣∣∣∣∣t
)
γIµ,j
for some quaternionic constants γIµ,j ∈ Cµ (viewed as functions on S). Therefore, the
corresponding f , whose restriction to H˜ are solutions of the right-eigenvalue problem
∆qf˜ = f˜µ, are given by
f(reIθ) =
∑
j∈Z
r|j|ejIθM
(
−µ− (1− sgn(j)) j2|j|+ 1
∣∣∣∣∣r2
)
γIµ,j.
They can rewritten as in (47). Such expression is well-defined as a C∞ function on
the whole H. 
Remark 5.2. The extension of the solution of differential equation (53) at the
regular singular point 0 corresponds to the extension of the solution of the right-
eigenvalue problem ∆qf = fµ on H˜ to the whole H.
Remark 5.3. The quaternionic Cµ-right-vector space E∞µ (H,2q) is generated by the
functions
ψµ,j(q) := q(1+sgn(j))
|j|
2 q(1−sgn(j))
|j|
2 M
(
−µ− (1− sgn(j)) j2|j|+ 1
∣∣∣∣∣|q|2
)
(54)
for varying j ∈ Z. The expansion of any f ∈ E∞µ (H,2q) in terms of ψµ,j(q) involves
slice right coefficients γIµ,j ∈ Cµ.
5.3 L2-right-eigenvalue problem. In the sequel, we are interested in giving a
concrete description of L2-eigenspaces of the right-eigenvalue problem 2qf = fµ.
To this end, we define
F2µ :=
{
f ∈ L2(H; e−|q|2dλ); 2qf = fµ
}
, (55)
as well as
F˜2µ :=
{
f ∈ L2(H˜; e−|q|2dλ); ∆qf˜ = f˜µ
}
, (56)
where L2(H; e−|q|2dλ) denotes the right quaternionic Hilbert space of all quaternionic-
valued square integrable functions on H with respect to the inner product
〈f, g〉H :=
∫
H
f(q)g(q)e−|q|2dλ(q) (57)
with dλ(q) = dx0dx1dx2dx3 being the Lebesgue measure on H ' R4. We define in a
similar way L2(H˜; e−|q|2dλ) and
〈
f˜ , g˜
〉
H˜
. Thus, the following lemmas are fundamen-
tals for our investigation of the L2-eigenspaces F2µ.
Lemma 5.4. With the same notations as above, we have the following results.
(i) It holds
SpecL2(H;e−|q|2dλ)(2q) ⊂ SpecL2(H˜;e−|q|2dλ)(∆q),
where Spec denotes the spectrum of the prescribed operator.
(ii) The space F2µ is a L2-subspace of E∞µ (H˜,∆q) and we have
F2µ ⊂ F˜2µ = L2(H˜; e−|q|
2
dλ) ∩ E∞µ (H˜,∆q). (58)
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Proof. The first assertion holds true since for every f ∈ L2(H; e−|q|2dλ), we have
f˜ ∈ L2(H˜; e−|q|2dλ) with ‖f‖H =
∥∥∥f˜∥∥∥
H˜
. The second assertion is an immediate
consequence of the ellipticity of ∆q seen as a second order differential operator on
R× R∗ (see [20, 32]). 
The second key lemma concerns the elementary functions
ϕµ,j(q) := ψµ,j(q)αIj
associated to given αIj ∈ Cµ, where q = x+ Iy ∈ H and ψµ,j are as in (54).
Lemma 5.5. The following results hold true.
(i) The functions ϕµ,j are pairwisely orthogonal in the sense that 〈ϕµ,j, ϕµ,k〉 = 0
whenever j 6= k.
(ii) The functions ϕµ,j belong to L2(H; e−|q|
2
dλ) if and only if µj = µ + j is a
nonnegative integer.
(iii) Let µj = 0, 1, 2, · · · . Then, the square norm of ϕµj ,j in L2(H; e−|q|2dλ) is
given by ∥∥∥ϕµj ,j∥∥∥2H = piµj!(|j|!)
2
(µj + j)!
∫
S
|αIj |2dσ(I). (59)
Proof. The first assertion follows by direct computation using polar coordinates,
q = reIθ. Indeed, in these coordinates, the Lebesgue measure dλ becomes the
product of the standard measures rdr on R+ and the Lebesgue measure dθ on the
unit circle times the standard area element dσ(I) on S, the two-dimensional sphere
of imaginary units in H. Therefore, for every αIj ∈ H, we have〈
ϕµj ,j, ϕµk,k
〉
=
∫
H˜
ψµj ,j(q)αIjψµk,k(q)αIke−|q|
2
dλ(q)
=
∫ ∞
0
r|j|+|k|+1
∫
S
αIjRj,k(I)αIke−r
2
dσ(I)dr, (60)
where Rj,k(I) stands for
Rj,k(I) := M
( −µj
|j|+ 1
∣∣∣∣∣r2
)(∫ 2pi
0
e(k−j)Iθdθ
)
M
( −µk
|k|+ 1
∣∣∣∣∣r2
)
.
The use of the well-known fact
∫ 2pi
0 e
(k−j)Iθdθ = 2piδj,k completes our check of (i).
Now, by the change of variable t = r2 we obtain
〈
ϕµj ,j, ϕµk,k
〉
= pi
(∫
S
|αIj |2dσ(I)
)∫ ∞
0
tj
∣∣∣∣∣M
( −µj
|j|+ 1
∣∣∣∣∣t
)∣∣∣∣∣
2
e−tdt
 δj,k. (61)
Therefore, to prove the second assertion, we make use of the asymptotic behavior
M
(
a
c
∣∣∣∣∣t
)
∼ e
tta−c
Γ(a)
for t large enough and a 6= 0,−1,−2, · · · , that follows from the Poincaré-type ex-
pansion [34, Section 7.2]
M
(
a
c
∣∣∣∣∣t
)
∼ e
tta−c
Γ (a)
∞∑
k=0
(1− a)k(c− a)k
k! t
−k.
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Indeed, if µj 6= 0, 1, 2, · · · , then the nature of the integral involved in the right-hand
side of (61) is equivalent to
1
|Γ(−µj)|2
∫ ∞
0
t−(2<(µj)+|j|+2)etdt
which is clearly divergent. Thus, we necessarily have µj = 0, 1, 2, · · · . In this case,
the involved Kummer’s function is the generalized Laguerre polynomial ([33, Eq.
(1), p. 200])
M
( −µj
|j|+ 1
∣∣∣∣∣t
)
= µj!(|n|+ 1)µj
L(j)µj (t) (62)
which satisfies the following orthogonality property [33, Eq. (4), p. 205 - Eq. (7),
p. 206] ∫
R+
L
(α)
j (t)L
(α)
k (t)tαe−tdt =
Γ(α + j + 1)
Γ(j + 1) δj,k. (63)
More precisely, starting from (61), the explicit computation yields
∥∥∥ϕµj ,j∥∥∥2H = pi
(
µj!
(|j|+ 1)µj
)2 (∫ ∞
0
(L(j)µj (t))
2tje−tdt
)
×
(∫
S
|αIj |2dσ(I)
)
= pi µj!(j!)
2
(µj + j)!
(∫
S
|αIj |2dσ(I)
)
.
This completes the proof of (ii) and (iii). 
Remark 5.6. If µ is a fixed nonnegative integer µ = n, then ψµj ,jαIj belongs to
L2(H; e−|q|2dλ) if and only if j ≥ −n, unless the corresponding αIj is zero. In this
case, the square norm of ψn,j (in (54)) is given by
‖ψn,j‖2H = pi
n!(j!)2
(n+ j)!Area(S), (64)
where Area(S) denotes the surface area of S.
The next result shows in particular that the spectrum of 2q acting L2(H; e−|q|
2
dλ)
is purely discrete and reduces to the quantized eigenvalues known as Landau levels.
Theorem 5.7. The space F2µ is nontrivial if and only if µ = n = 0, 1, 2, · · · . In
this case, a nonzero quaternionic-valued function f belongs to F2n(H) if and only if
it can be expanded as
f(q) =
+∞∑
j=−n
qjM
( −n
|j|+ 1
∣∣∣∣∣|q|2
)
Cj(I), (65)
where the quaternionic constants Cj(I) satisfy the growth condition
‖f‖2H = pi
+∞∑
j=−n
n!(j!)2
(n+ j)!
(∫
S
|Cj(I)|2dσ(I)
)
< +∞. (66)
Proof. Fix µ ∈ H and assume that there is a nonzero f ∈ L2(H; e−|q|2dλ) solution
of 2qf = fµ. Then, the realization (58) and the proof of Theorem 5.1 show that
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f˜ := f |H˜ admits the expansion
f˜(|q|eIqθ) = ∑
j∈Z
ψµj ,j(q)γIµ,j.
The orthogonality of the (ψµj ,j)j (see (i) of Lemma 5.5) infers that∥∥∥f˜∥∥∥2
H˜
=
∑
j∈Z
∥∥∥ψµj ,jγIµ,j∥∥∥2H
= pi
Area(S)
∑
j∈Z
(∫
S
|γIµj ,j|2dσ(I)
) ∥∥∥ψµj ,j∥∥∥2H.
Therefore, since the nonzero function f belongs to F2µ, we have necessarily
∥∥∥ψµj ,j∥∥∥2H
is finite for every j such that ∫
S
|γIµ,j|2dσ(I) 6= 0.
Now, (ii) of Lemma 5.5 readily implies that µ is necessary of the form µ = n =
0, 1, 2, · · · , and j ≥ −n. In such case, the γIµ,j =: Cj(I) are arbitrary in H = Cµ for
µ being real. Moreover, we have
‖f‖2H = pi
+∞∑
j=−n
n!(j!)2
(n+ j)!
∫
S
|Cj(I)|2dσ(I).
This yields the growth condition (66) and the proof is completed. 
The following result describes the fact that the elements of F2n can be expanded
as series of the quaternionic Hermite polynomials HQj,n(q, q).
Corollary 5.8. The space F2n contains the quaternionic Hermite polynomials (HQn+j,n)j
defined by (3). Moreover, every element f belonging to F2n can be expanded as
f(q) =
+∞∑
j=−n
(−1)jj!
(n+ j)!H
Q
n+j,n(q, q)Cj(I) (67)
for some slice quaternionic constants Cj(I) displaying the growth condition (66).
Proof. This lies in the fact that the involved confluent hypergeometric function is
connected to the quaternionic Hermite polynomials through
qjM
( −n
|j|+ 1
∣∣∣∣∣|q|2
)
= (−1)
nj!
(n+ j)!H
Q
n+j,n(q, q), (68)
see Lemma 3.2 in [18]. Therefore, the expression of f(q) given through (65) reduces
further to (67) with the same growth condition (66). 
5.4 Connection to S-polyregular Bargmann spaces of first kind. By Corol-
lary 5.8, the space F2n can be realized as the space of the convergent series
+∞∑
j=0
(−1)nj!
j! H
Q
j,n(q, q)Cj(Iq)
on H, where (Cj(Iq))j are certain quantities in ∈ H such that
pi
+∞∑
j=−n
n!(j!)2
(n+ j)!
(∫
S
|Cj(Iq)2dσ(I)
)
< +∞.
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It reduces further to SR22,n when the Cj(Iq) are assumed to be constant functions
on S, Cj(Iq) = Cj. In particular, by taking n = 0, the previous growth condition
reads simply as
piArea(S)
+∞∑
j=0
j!|Cj|2 < +∞.
Comparing this to the sequential characterization of the slice hyperholomorphic
Bargmann space F2slice given by Proposition 3.11 in [4], we see that F2slice ⊂ F20 .
6 Concluding Remarks: Full S-polyregular Bargmann spaces
Motivated by Theorem 4.2 in [18] asserting that the quaternionic Hermite polyno-
mials (HQj,k)j,k form a slice basis of the Hilbert space L2(H; e−|q|
2
dλ), equipped with
the scalar product
〈f, g〉H =
∫
H
f(q)g(q)e−|q|2dλ(q), (69)
we define SR2n,full to be the space of S-polyregular functions (of level n) spanned by
the quaternionic Hermite polynomialsHQj,n, for varying j = 0, 1, 2, · · · , and belonging
to L2(H; e−|q|2dλ). Then, we have
〈f, g〉H =
∫
S
〈f, g〉CIdσ(I)
and subsequently, the space SR2n,full can be described as the right quaternionic
vector space consisting of the convergent series
+∞∑
j=0
HQj,n(q, q)Cj(Iq)
on H, with Cj : S −→ H, and such that
pin!
∞∑
j=0
∫
S
|Cj(I)|2dσ(I) < +∞.
This is exactly the sequential characterization of L2-eigenspace F2n. The particular
case of n = 0 corresponds to the full hyperholomorphic Bargmann space
F2full := SR ∩ L2(H; e−|q|
2
dλ) (70)
defined as the right quaternionic Hilbert space of all slice regular functions that
are e−|q|2dλ-square integrable on H. This lies on the fact that F2full is the space of
functions f(q) =
∞∑
j=0
qjCj(I) satisfying
‖f‖2H = pi
+∞∑
j=0
j!
(∫
S
|Cj(I)|2dσ(I)
)
< +∞.
More generally, it is not difficult to prove that the spaces SR2n,full are right quater-
nionic Hilbert spaces. We call them here the full S-polyregular Bargmann spaces
of second kind of level n. The quaternionic Hermite polynomials HQj,n, for varying
j = 0, 1, 2, · · · , constitute an orthogonal "slice" basis of it.
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